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Due to omission, an additional family shall be added to the list of marginally trapped
Lorentzian ﬂat surfaces in E42 given in Theorem 4.1 of [B.-Y. Chen, Classiﬁcation of
marginally trapped Lorentzian ﬂat surfaces in E42 and its application to biharmonic surfaces,
J. Math. Anal. Appl. 340 (2008) 861–875].
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1. An additional family of marginally trapped Lorentzian ﬂat surfaces inE42
We follow the same notations and terminologies as [1,2].
One subcase of Case (C) in the proof of Theorem 4.1 of [2] was missing; namely,
Case (C.4): β ′, δ′ = 0 and α = 0.
In order to state the corresponding family of marginally trapped Lorentzian ﬂat surfaces associated with this subcase, let
us deﬁne a ∗ b as
a ∗ b = (a1b1, . . . ,a4b4) (1.1)
for any two vectors a = (a1, . . . ,a4), b = (b1, . . . ,b4) in E42.
For Case (C.4), we have the following.
Proposition 1. Up to translations of E42 , the marginally trapped Lorentzian ﬂat surfaces in E
4
2 corresponding to Case (C.4) are the
surfaces lying in the light cone LC ⊂ E42 given by
L(x, y) = u(x) ∗ z(y) + v(x) ∗ w(y), (1.2)
where u, v, z,w are curves in E42 satisfying the following conditions:
u′′ + βu = v ′′ + βv = 0, (1.3)
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〈u′ ∗ z + v ′ ∗ w,u ∗ z′ + v ∗ w ′〉 = −1, (1.5)
where β(x) and δ(y) are non-constant real-valued functions.
Remark 1. As a result, besides the eight families of marginally trapped Lorentzian ﬂat surfaces listed in Theorem 4.1 of [2],
the family given in Proposition 1 shall be added to the list as the ninth family of such surfaces.
2. Proof of Proposition 1
First, assume that L : M → E42 is a marginally trapped Lorentzian ﬂat surface. Then it is known in [2, p. 865] that there
exist local coordinates x, y such that { ∂
∂x ,
∂
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=
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= 0. (2.1)
Moreover, the mean curvature vector and the second fundamental form h of L are related to
H = −h
(
∂
∂x
,
∂
∂ y
)
. (2.2)
As in [2], we may choose a pseudo-orthonormal normal frame {e3, e4} such that
H = −e3, 〈e3, e3〉 = 〈e4, e4〉 = 0, 〈e3, e4〉 = −1. (2.3)
For Case (C.4), it was already proved in [2, p. 868] that β = β(x), δ = δ(y) and L satisﬁes
Lxx = β(x)e4, Lxy = e3, L yy = δ(y)e4, (2.4)
Lxx + β(x)L = A(x), L yy + δ(y)L = B(y), (2.5)
β ′(Lxx + βL) = βA′, δ′(L yy + δL) = δB ′ (2.6)
for some vector functions A(x), B(y).
Since β ′, δ′ = 0, (2.5) and (2.6) imply that A = βc1 and B = δc2 for some vectors c1, c2 ∈ E42. By substituting these
into (2.5) we ﬁnd
Lxx + β(x)(L − c1) = 0, L yy + δ(y)(L − c2) = 0. (2.7)
From (2.4) and (2.7) we get c2 = c1. Hence, after choosing c1 to be the origin of E42, we have
Lxx + β(x)L = 0, L yy + δ(y)L = 0. (2.8)
Solving (2.8) we obtain
L(x, y) = u(x) ∗ z(y) + v(x) ∗ w(y) (2.9)
for some curves u, v, z,w in E42 satisfying
u′′ + βu = v ′′ + βv = 0, z′′ + δz = w ′′ + δw = 0. (2.10)
Now, by comparing (2.4) and (2.8), we ﬁnd L = −e4. Since e4 is light-like, we conclude that the surface satisﬁes 〈L, L〉 = 0.
Thus, the surface lies in the light cone LC . Condition (1.5) follows from 〈Lx, L y〉 = −1 and (2.9).
Conversely, we shall show that each surface given in Proposition 1 is a marginally trapped Lorentzian ﬂat surface. This
can be done as follows.
Since the surface lies in the light cone, we have 〈L, L〉 = 0, which implies that
〈Lx, L〉 = 〈L y, L〉 = 0. (2.11)
So, we get
〈Lx, Lx〉 = −〈Lxx, L〉, 〈L y, L y〉 = −〈L yy, L〉. (2.12)
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Lxx = −β(x)L, L yy = −δ(y)L. (2.13)
Hence, we ﬁnd from 〈L, L〉 = 0, (2.12) and (2.13) that 〈Lx, Lx〉 = 〈L y, L y〉 = 0. Moreover, it follows from (1.2) and (1.5) that
〈Lx, L y〉 = −1. Therefore, the surface given by L is a Lorentzian ﬂat surface in E42. Thus, (2.2) implies that the mean curvature
vector of L is H = −Lxy . From 〈Lx, L〉 = 0 and 〈Lx, L y〉 = −1, we get 〈H, L〉 = 〈Lx, L y〉 = −1. Therefore, L is non-minimal.
Finally, from 〈Lx, L y〉 = −1 we have 0 = 〈Lxx, L y〉 + 〈Lx, Lxy〉. Combing this with (2.11) and (2.13) yields 〈Lx, Lxy〉 = 0.
Thus, after applying (2.13) we obtain
〈Lxy, Lxy〉 = −〈Lx, Lxyy〉 = −δ(y)〈Lx, Lx〉 = 0. (2.14)
Consequently, L deﬁnes a marginally trapped Lorentzian ﬂat surface in E42. This completes the proof of the proposition.
3. An explicit example
There exist many marginally trapped Lorentzian ﬂat surfaces in E42 arisen from (C.4). A simple example of this family is
the following:
Put
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Then it is straightforward to verify that
L(x, y) = u(x) ∗ z(y) + v(x) ∗ w(y)
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(3.2)
satisﬁes 〈L, L〉 = 0 and (1.3)–(1.5) with β = −x−2 and δ = −y−2. Thus, (3.2) gives rise to a marginally trapped Lorentzian
ﬂat surfaces in E42 associated with (C.4).
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